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Abstract 



We survey and discuss the applications of the non-hnear integral equation in 
^^, the framework of the Bethe Ansatz type equations which are conjectured to give 

,^ I the eigenvalues of the dilatation operator in AA = 4 SYM. Moreover, an original 

idea (different from that of [1]) to derive a non- linear integral equation is briefly 
^ depicted in Section 4. 

cn 

a^ 

(N 

o 
> 

X 



Keywords: Integrability; counting function; SYM theories; non-linear integral equation. 



* Contribution to the proceedings of the conference RAQIS07, 11-14 September 2007, Lapth Amiccy, 
France (talk given by M.Rossi). 

tE-maikbombardelliQbo. infn.it, fioravanti@bo.infn.it, rossi@lapp.in2p3.fr 



1 Introduction 

The AdS/CFT correspondence [2] states the equivalence between a string theory on the 
curved space-time AdSs x S^ and a conformal quantum field theory on its boundary. 
In particular, type JIB superstring theory should be dual to A/" = 4 Super Yang-Mills 
theory (SYM) in four dimensions: energies of string states correspond to anomalous 
dimensions of local gauge invariant operators of the quantum field theory. 

One of the most important recent development in this context was the discovery of 
integrability in both planar field theory [3] and string theory [1]. In a nutshell, integrable 
models appear as spin chain type Bethe equations to be satisfied by 'rapidities' which 
parametrise on the one side [5],|6[[7] composite operators and their anomalous dimensions 
in planar J\f = 4 SYM and on the other side [H [U [9l [TOl Ej the corresponding dual objects 
in string theory, i.e. states and their energies, respectively. 

Thanks to this discovery, one could start to use the powerful technique of the Bethe 
Ansatz in order to compute anomalous dimensions of long operators, giving incredible 
boost towards a proof of the AdS/CFT correspondence. However, the majority of 
the results (with the exception, to our knowledge, of [TT]) concerns the calculation of 
only the leading term of anomalous dimensions of arrays of L operators in the limit 
L -^ oo. In order to study the (physically relevant) operators with a finite number L 
of components, in a series of papers [121 [ISl [E] we proposed to interpret the Bethe 
equations in terms of the non-linear integral equation (NLIE). The NLIE [Ij allows to 
write exact expressions for the eigenvalues of the observables for arbitrary values of the 
length of the chain (L in this context) and the number of Bethe roots. This allows to 
perform numerical evaluations for such eigenvalues as well as, in some cases, to give 
explicit analytic expressions for them, at least in some particular limits. 

In this contribution, we want to discuss our main results on the application of the 
NLIE technique in the context of A^ = 4 SYM and sketch at the end (Section 4) a new 
approach to and kind of NLIE. We start (Section 2) from the so-called BDS model, 
which historically ^ was the first proposal for the many loops asymptotic (i.e. up to 
the order A^~^, A being the 't Hooft coupling) description of anomalous dimensions in 
the SU{2) sector. In this case, the NLIE and the exact expressions for the eigenvalues of 
the observables [12] have the same structure as in models studied in the past. This is a 
consequence of two facts. First, the scattering matrix between magnons, which appears 
on the right hand side of the Bethe equations, depends only on the difference of their 
rapidities (Bethe roots). Second, for the state at exam the Bethe roots completely fill the 
real axis and allow only the presence of a finite number of holes. However, at least one of 
these properties fails when considering general states, or other sectors of A/" = 4 SYM 
or when higher loops corrections are improved by introducing the so-called dressing 
factor [7|. In Section 3 we show how the NLIE and the corresponding expressions for 
the eigenvalues of the observables [H] in the SU{2) sector assume a new and more 
complicated form as a consequence of the failure of the first of previous properties, due 



to the presence of the dressing factor. In order to cope with the intriguingly intricated 
structure of the Bethe equations and solutions appearing in A/" = 4 SYM, in Section 
4 we propose a new path to a NLIE substantially different from the idea of [I]. This 
procedure is effective when the magnon scattering matrix has a general dependence 
on the rapidities and the Bethe roots are concentrated on intervals of the real axis or 
complex lines. 

2 The NLIE for the BDS model 

We start by considering the SU{2) scalar sector of planar A/" = 4 Super Yang-Mills. In a 
first proposal [5], composite operators (i.e. arrays of L scalar fields) were parametrised 
by rapidities {uk}k=i,...,M satisfying the asymptotical Bethe-type equations 



xiu, + f ; 
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where we introduced the function 

X(«) = ^ll + Wl-— ^1 , (2.2) 




A = Nqym = 167r^(7^ being the 't Hooft coupling of planar theory (A^ — > oo, gyM -^ 0). 
Anomalous dimensions (i.e. eigenvalues of the dilatation operator) are given by 
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(2.3) 
In [12] we wrote, following the standard route pioneered by [1], the NLIE describ- 
ing the highest anomalous dimension operator and its excitations. We now go briefly 
through its derivation (for details, see [12]). We first introduce two functions 

i + u X (^ + u) 

(f)(u) = i In = 2 arctanw , Imu < 1 , $(«) = i In — 7^ f , Imu < 1/2 , (2.4) 

i-u X{^-u) 

which allows to define the counting function as 

M 

Z{u) = L<!>{u)-^(t){u-Uk). (2.5) 

fc=i 

We now consider a state with M real roots Uk and a number H = L — 2M of real holes 
Xh- Using the fact that 



^The term asymptotic means exactly that this Ansatz is believed to give the exact loop expansion 
to the anomalous dimension up to wrapping corrections, starting at order A^. 



the sum over all the real roots of this state of a function / analytic in a strip around 
the real axis can be written as [1] 



E/M = -rpf'{v)Z{v)+ (2.7) 

k=i -J-^ ^^ 
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This may be applied to the sum in the counting function (I2.5P bringing 
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It is convenient to introduce the usual synthetic notation 

L{u) = Imln [1 + ^^lf-M^^z{u+^^)^^ 

After u Fourier transforming all the terms and moving the first convolution to the l.h.s., 
we obtain 

H 

Z{k) = F{k) + 2G{k)L{k) + Y, e-'^'"^H{k) , (2.9) 
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where [P is the principal value distribution) 



^W^^lKO^Sr- "^'^'^TTTH- m-'ip{l)G(k). (2^10) 

Inverting the Fourier transforms of (12.91) leads to the NLIE valid for this multi-loop 
Bethe equations (and for the aforementioned states) 

H 

Z{u) = F{u) + J2H{u-Xh)+ (2.11) 
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■00 

Let us observe that in this case the structure of this NLIE is quite the same as in many 
other models. And, as usual, plugging the equation (12. lip in relation (12. 7p . we can 



disentangle the bulk term (proportional to the size L) to the finite size corrections in 
the expression for the eigenvalues of the observables: 

E/(«'^) = -/ 7rf'i^Mv)+ (2.12) 

fc=l >^-°° ^^ 
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—f'iv) / rfw [5(t; - w) - Giv - w)] Imln [l + (-i)L-M^iZ(u,+io)^ _ 
-OO '' J —OO 

It is of interest to apply this formula to the conserved charges of the model, i.e. 

In particular the anomalous dimension is given by A = L + 2g'^Q2. We get 
^.+2 .00 j^_^^2gk)M2gk) [^ dk i^+' Jr-i{2gk) 



f^J-00'^k g^-' cosh I ■ ^ ' ' 

This relation is exact and allows the (numerical and analytical) study of the dependence 
of the eigenvalues of the charges on the size of the system. In particular, when L —>■ 00, 
such eigenvalues behave as pL2j 
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where Ei are the Euler numbers. 



3 The NLIE in the SU{2) sector with dressing factor 

In order to match with results in string theory, the asymptotic Bethe Ansatz type 
equations describing planar A/" = 4 SYM should contain - with respect to the first 
proposals - a universal dressing phase [9], [TOl [7]. Consequently, in the SU{2) scalar 
sector the BDS equations (12.11) ought to be modified into 
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On the other hand, the (renormahsed) dimension corresponding to the opera- 
tor/solution {uk}k=i,...,M of (13. ip is still given by (12. 3p . The complete dressing phase 
has been conjectured to be [7] 
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9{Uj, Mfc) = ^ ^ Pr,T+l+2u{9)[qr{Uj)qr+l+2uiUk) - Qr {Uk)qr +1+2 A^j)] ■ (3.2) 
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In order to fix the notations in (13.21) . we remind that qr{u) is the magnon r-th charge, 
which is given by formula (12.131) and the functions Pr,r+i+2u{g) are meromorphic func- 
tions of g, introduced and studied in [7j. In that paper their weak couphng expansion 
was proposed as 

oo 
/3r,r+l+2ui9) = 2_^ 9 "^ " ^ (3r,r+l+2iy ^ (3-3) 
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the coefficients P^r+i+iu being 
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(3.4) 
In [13] we wrote a NLIE equivalent to the Bethe equations (13. ip for the stateqj charac- 
terised by M real Bethe roots, Uk, and H = L — 2M real holes, Xh- We now go briefiy 
through its derivation. We start by defining the counting function as 

M M 

Z{u) = L $(u) - J^ 0(m - Ufc) + 2 J] e{u, Uk) . (3.5) 

k=l k=l 

Then, as a consequence of (12. 6p . it is simple to express a sum on the Bethe roots for a 
function f{u) as 

E/(^^) = -/ ^^/(^)[^(tO-2L(t;)]-5^/(x.). (3.6) 

k=i "^"°° ^ ^ h=i 

In particular, we will be interested in the eigenvalues of the conserved charges 

Q. = 5^gr(«fc) = - / ^ ^gr(t;) [Z{v) - 2L{v)] -J2^r{xh) . (3.7) 

Applying (13. 6p to (13. 5p we get 

/°° dv 2 ^ 

^7 r^—[Z{v)-2Liv)] + Y,<p{u-x,)- 
-oo 27r (m - t;)^ + 1 ^ 

/°° dv d ^ 

— —e{u, v) [Z{v) - 2L{v)] - 2 J2 ^(«, ^h) . 
■°^ ^ ^ h=i 

^As in the BDS model, these states are the highest anomalous dimension state and its excitations. 



Going now to the Fourier space, after grouping the terms containing Z{k), the following 
equation shall hold 

H 



h=l ^ ' 
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where we have introduced the conserved charges (13. 7p and the explicit form fl2.13p of 
the Fourier transform of the charge densities, qr{k), has been used. A very crucial 
difference of this non-linear integral equation from the others in the literature may be 
stated in the presence of Z{u) in infinite many places, i.e. all the charges Qr (13.71) . 

Concerning the charges, we can write for them a system of equations. In fact, we 
first rewrite the expressions (13. 7p in terms of Fourier transforms 

—i{-k)\Z{k)-2L{k)]-Y^q,{x,) = 
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r |^^T^[^(^) - 2^(^)] - E ^^K) ■ (3-9) 
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]k[ I 

Then we insert relation (13.80 for Z{k) into this expression to obtain, 

f- dkr^^^ J,^,{2gk) ^ - V r dk^_,,y^-^ Js^i{2gk) 
J_^27Tg^~^ cosh I t^J-oo'^k (7-1 cosh I " ^' ^ 

This relation is exact and, at least in principle, may be efficient in the analysis of the 
conserved charges, though now Z{u) appears. 

4 A new approach to a NLIE 

In almost all the cases considered up to now, the NLIE was written for counting func- 
tions defined as 

M 



Z(m) = $(m)- J]0(M-Mfe), (4.1) 



7 



and when the Bethe roots distribute on the real axis, allowing the presence of only a 
finite number of holes and possibly complex roots. Even if this case is relevant for the 
study of the fundamental state and the first excitations of many models, it does not 
cover many of the Bethe Ansatz systems proposed in the context of A/" = 4 SYM. 

For this reason we want to write the NLIE (and the expression for the eigenvalues of 
the observables in terms of its solution) for the more general case in which the counting 
function is defined as 

M 

ZH = $(«)- 5^ 0KMfc), (4.2) 

k=l 

(i.e. the function 0(a;, y) does not depend only on the difference x — y: this happens, 
for instance, when the dressing factor is present). We suppose also that the M Bethe 
roots are concentrated in an interval [A, B] of the real axis U and that holes are present 
only outside this interval. This second property is peculiar, for instance, of some states 
in the sl{2) sector of A/" = 4 SYM. 

On this state we consider a sum over the Bethe roots {uk}k=i,...,M of a function 
(observable) 0{u) analytic in a strip around the real axis. If the condition e^^^'^'^' = — 1 
holds, this sum can be written as 



M r- „ 

27iiy^O{uk) = lim / 

7 1 -'^ A 



duO{u-ie) .„/ ., ^ + 4.3 



fc=i 
/•A R'^i^'+'^^HZ' (u + ie 

Supposing Z (u) < 0, we can rearrange this expression as follows, 

yO{uk) = - r—0{v)Z'{v)+ r-0{v)^Imln\l + e'^^^-^'^ = 
^ Ja 27r Ja -n dv ^ 

= -^[0{B)Z{B)-0{A)Z{A)] + 

+ - {0(fi)lmln [1 + e^^(^)] - 0(A)Imln [l + e'^^^^] ] + 

+ /;io'(.)z(,.)- 

_ 2/ — 0'(w)Imln[l + e'^("-'°)] . (4.4) 

J A 27r 

In brief, what we are doing is to evaluate a sum on the Bethe roots by integrating just on 
the interval containing them. Therefore, this method is alternative and complementary 



■^The case in which the Bethe roots are concentrated on a finite number of intervals on the real axis 
follows straightforwardly from the results of this Section. Moreover, even the case when the roots lie 
on complex lines can be treated as follows. 



to the idea proposed in the first of [T] which consists in first integrating on all the real 
axis and then subtracting the contributions coming from the real holes. 

We now apply (14. 4p to the sum over the Bethe roots appearing in the definition 
(14. 2p . We get the following equation 

+ 2 / ^i-^(„,t,)Imln[l + e'^'"-»'l , (4,5) 

J A 2vr dv 



where 



f{u) = ^u) + ^[<Piu,B)Z{B)-^{u,A)Z{A)] 

Ztx 



- - {0(m, B)\m In [1 + e^^(^)] - 0(u, A)\m In [l + e^^^^^j } . (4.6) 

We can now write a NLIE for the counting function by inserting in an iterative way 
(14. 5 p for Z in the right hand side of the same equation. Using the notation 

{V^f){u)= [ dv^{u,v)f{v), (4.7) 



JA 

eventually we get the NLIE in the form 

Z{u) = F{u) + 2{Gi.L){u), {A.l 

where 



F{u) = f{u) + Y.^-l)\{v'') ^ f){u) , G{u, v) = ^{u, v) + J2i-^)'-' (V^*')0 

(4.9) 
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We used the simplified notations 



L(u) = Imln[l + e*^("+*)] , ip{u,v) = —-^(l){u,v) . (4.10) 



More explicitly, 

°° pB pB 

F{u) = /(«) + ^(-l)'= / dv,^iu,v^) 

J A J A 



dV2(f{vi,V2) ... 
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dvk^ivk-i,Vk)f{vk), (4.11) 
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Eventually, inserting (14. 8p in fl4.4p we get an expression for the eigenvalues of an ob- 
servable as 



M 

Y,0{x,) = [0{B)Z{B)-0{A)Z{A)] + 



k=l 



27r 
+ - {0{B)lm\n [1 + e'^(^)] - 0(A)Imln [l + e'^^^^j } + 

+ r^O'{v)F{v)+ (4.13) 

+ 2 7^0'{v) dw[G{v,w)-S{v-w)]lmln[l + e'^^'"-''''>] . 

We remark that all the already known NLIEs can be reproduced in this way, without 
Fourier transforming. Moreover, formulae (14.81 14.91) and (14.131) can be used in order to 
write, respectively, the NLIE and the eigenvalues of the observables on states appearing 
in models relevant for A/" = 4 SYM. It would be of interest to apply these techniques, 
for instance, to the widely studied [151 C] sl{2) sector of the theory. 

5 Summary 

We have reported on our project - still in progress - of writing NLIEs for the Bethe 
Ansatz type equations relevant for the determination of anomalous dimensions of opera- 
tors in A/" = 4 SYM (and, correspondingly energies of strings). The NLIE describing the 
highest anomalous dimension operator of the BDS model and its excitations - treated 
in Section 2 - does not differ in form from the NLIEs studied up to now. However, 
the Bethe equations arising in the context of A/" = 4 SYM have in general intrinsic 
complications - namely, magnon scattering matrix which does not depend only on the 
difference of the rapidities and states described by roots which can condense on lines in 
the complex plane - which at first sight seem to prevent even the possibility of writing a 
NLIE. We have shown how to circumvent this problem in some cases. First we studied 
in Section 3 the SU{2) sector with dressing factor and showed how to write a new type 
of NLIE which depends explicitly on the eigenvalues of the conserved charges. Then, 
in Section 4, we sketched a general formalism which allows to treat magnon scattering 
matrices with general dependence on the rapidities and states with roots on intervals 
on the real line (or even complex lines). We plan to give in forthcoming publications 
explicit applications of this new formalism, for instance in the s/(2) sector of A/" = 4 
SYM. 
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